Introduction
It is known that the concept of spin and pseudospin symmetries of the Dirac equation in nuclear and hadronic spectroscopies have been great attention However, in order to investigate nuclear shell model, the study of spin and pseudospin symmetries of the Dirac equation has become an important area of research in nuclear physics (Ginocchio, 2005) . These symmetries have been introduced many years ago in nuclear theory (Ginocchio, 2005 , Ginocchio, 2004 and have been used successfully to explain the feature of deformed nuclei (Bohr et al., 1982) and superdeformation (Dudek et al., 1987) and establish an effective shellmodel coupling scheme (Troltenier et al., 1995) . Within the framework of the Dirac theory, spin symmetry arises if the magnitude of the spherical attractive scalar potential S(r) and repulsive vector potential V(r) is nearly equal, i.e., S(r) % V(r) [2] [3] . On the other hand, the jargon pseudospin symmetry refers to the case where the magnitude of the attractive Lorentz scalar potential S(r) and the repulsive vector potential V(r) is equal but opposite in sign, i.e., S(r) = ÀV(r) (Ginocchio, 2005 (Ginocchio, , 2004 . In recent times many authors have investigated the Dirac equation with various potential models (Ikot, 2012; Hassanabadi et al., 2014; Wei and Dong, 2010a; Setare and Nazari, 2009; Oyewumi and Akoshile, 2010) . The spin symmetry in nuclear theory is usually referred to as a quasi-degeneracy of the single nucleon doublets and can be characterized with the non-relativistic quantum numbers n; l; j ¼ l þ 1 2 À Á and n; l; j ¼ l À 1 2 À Á , where n,l and j are the single -nucleon radial, orbital and total angular momentum quantum numbers for a single particle respectively. Also, the pseudospin symmetry implies that n; l; j ¼ l þ 1 2 À Á and n À 1; l þ 2; j ¼ l þ 3 2 À Á states are degenerates. It had been shown that tensor interaction removes the degeneracy between two states in the pseudospin and spin doublets. However, due to the mathematical structure of the problem, different authors have devoted their investigation of the Dirac equation with the as Coulomb-like (Wei and Dong, 2010b,c; Aydogdu and Sever, 2010) or Cornell interaction as tensor interactions. Recently, Hassanabadi et al. (2012) first introduced the Yukawa tensor interaction and studied the Dirac equation for Yukawa potential within spin and pseudospin symmetries' limits. In the present study, our aim is to obtain the approximate analytical solutions of the Dirac equation for the scalar and vector shifted Hulthen potential together with the YLT and GTI (combined Coulomb-like and Yukawa-like) within the framework of spin and pseudospin symmetries' limits.
The Hulthe´n potential plays a significant role in atom and molecular physics (Bahar and Yasuk, 2013) . It has also been used to explain the electronic properties of some alkali halides (Lu et al., 2012) . Moreover, as it resembles the Coulomb interaction in structure, it has also been investigated within the framework of Dirac theory (Akcay, 2009) . In this paper, we will study the Dirac equation with shifted Hulthe´n potential with spin-orbit coupling term quantum number j for spin and pseudospin symmetries' limit using SUSYQM (Cooper et al., 1995) . The paper is organized as follows. In Section 2, the Dirac theory within the framework of spin and pseudospin symmetries' limits is presented. Bound state solutions for YLT are presented in Section 3. Section 4 is devoted to the bound state solutions with GLT. Discussions of the Numerical results are given in Section 5. Finally, we give a brief conclusion in Section 6.
Theory of Dirac equation for spin and pseudospin symmetries
In the relativistic units (⁄ = c = 1), the Dirac equation both scalar S(r) and vector V(r) potentials read,
where E is the relativistic energy, M is the mass of a single particle,p momentum operator, a and b defined as,
where I is the unit matrix and r i is the Pauli matrix. The total angular momentum J and b K ¼ Àbða:L þ 1Þ of a particle commute with the Dirac Hamiltonian in a central field, where L is orbital angular momentum. The eigenvalues of theK are
À Á for unaligned spin to a given total angular momentum j. The wave function can then be classified according to the angular momentum j and the spin-orbit quantum number j as follows: 
where F nj (r) and G nj (r) are the upper and the lower components of the wave function, Y l jm ðh; uÞ and Yl jm ðh; uÞ represent the spherical harmonics, n is the radial quantum number, m is the projection of the angular momentum on the z-axis and lðl þ 1Þ ¼ jðj þ 1Þ;lðl þ 1Þ ¼ jðj À 1Þ, where l is the orbital angular momentum spin quantum number andl is the orbital angular momentum pseudospin quantum number respectively. The substitution of Eq. (3) into Eq. (1) yields two couple Dirac equations as follows:
where D(r) = V(r) À S(r) and R(r) = V(r) + S(r). By eliminating G nj (r) in Eq. (4) and F nj (r) in Eq. (5), we obtain two uncouple Schro¨dinger-like equations for the upper and lower components as follows:
where jðj À 1Þ ¼lðl þ 1Þ, jðj þ 1Þ ¼ lðl þ 1Þ.
Bound state solutions
In this section, we intend to study the properties of the spin and pseudospin symmetries' limit using SUSYQM.
The spin symmetry limit with YLT
In the spin symmetry limit, -3] and Eq. (6) reduces to
where j = l for j < 0 and j = À(l + 1) for j > 0. We take the sum potential R(r) as the shifted Hulthen potential, 
where the parameters V s 0 , V s 1 and b are real. In addition to the Yukawa tensor interaction, Yukawa (1935) 
where H Y is the Yukawa parameter. Substitution of the Eqs. (9) and (10) into Eq. (8) yields
Eq. (11) cannot be exactly solved due to the appearance of exponential and the centrifugal terms together. Therefore, we introduce the approximation, 
In the SUSYQM formulation, the ground-state wave function F s 0;j ðrÞ is given by (Wei and Dong, 2009; ) (see Appendix A for more detail)
in which the integrand is called the superpotential and the Hamiltonian is composed of the raising and lowering operators as (Wei and Dong, 2009; ) 
for which we propose a solution of the form
Thus, we can obtain the exact parameter of our study as,
or more explicitly,
Now based on Eq. (25), we can obtain the supersymmetric partner potentials as,
Therefore, it is shown that V + (r) and V -(r) are shape invariant, satisfying the shape-invariant condition
with a 0 = p s and a i is a function of a 0 , i.e.,
. Thus, we can see that the shape invariance holds via a mapping of the form
. From Eq. (33), we have
. . .
The energy eigenvalues can be obtained as follows
By substituting Eqs. (31) and (36) into Eq. (35), we get
Eq. (37) 
where N nj is the normalization constant. For the lower component, we can simply use
3.2. The pseudospin symmetry limit with YLT
In the pseudospin symmetry limit, (Ginocchio, 2005 (Ginocchio, , 2004 and Eq. (7) reduces to
where j ¼ À' and j ¼' þ 1 for j < 0 and j > 0, respectively. Here, we take the difference of the potential as the shifted Hulthen potential,
Substituting Eqs. (10) and (42) into Eq. (7), we arrive at
Substituting Eqs. (12) and (13) into Eq. (43), we obtain 
The corresponding effective energy in this case is
and the superpotential posses the form
In this case, the coefficients are explicitly given as
From Eq. (A.2), we can obtain the supersymmetric partner potentials as
With the mapping being
Conversely, we have
where,
Finally, the energy relation can be written as
and the corresponding lower component of the wave function becomes 
The upper component can be found by using the following relation
Pseudospin and spin symmetries' limits under GLT interaction
In the following section, we intend to investigate the Dirac equation with shifted Hulthen potential in the presence of GLT interactions. The presence of GLT potential as the tensor term in the Dirac equation also removes the degeneracies in addition to the Coulomb-like and Yukawa-like tensor interactions. Thus, it is pertinent to investigate this potential under consideration with GLT as interaction term.
Pseudospin symmetry in the Dirac equation with GLT
The pseudospin symmetry occurs in the Dirac theory as dRðrÞ dr ¼ 0 or equivalently R(r) = C ps = const (Ginocchio, 2005 (Ginocchio, , 2004 . In order to find the approximate analytical solution of the Dirac equation under the pseudospin symmetry limit, we take the difference of the scalar and vector potentials as the shifted Hulthen potential,
In addition, we proposed a novel generalized tensor interaction of the form,
where U C (r) and U Y (r) are the Coulomb-like and Yukawa-like potentials (Wei and Dong, 2010a; Yukawa, 1935) 
Substituting the above equations into Eq. (7) yields
It is well known that the above equation cannot be solved exactly due to the centrifugal term r À2 . In order to get rid of the centrifugal term, we make use of the following approximation 
By using the approximations (71) for ( ), we obtain 
Now based on Eq. (A.2), we can obtain the supersymmetric partner potentials as,
with a 0 = f s and a i is a function of a 0 , i.e., 
By substituting Eqs. (90) and (83) into Eq. (89), We get
Substituting Eqs. (76), and (78) into Eq. (91), we obtain the energy equation for the shifted Hulthe´n potential as
The corresponding lower component of the wave function becomes, 
Spin symmetry in the Dirac equation with GLT
In the spin symmetry limit condition, we take the sum potential R (r) as the shifted Hulthen potential, the difference potential D(r) as constant and the tensor potential U(r) as the GTI term. Thus, we have the following
Substituting Eq. (100) into Eq. (6) yields, 
By using approximation (71) ), the above second-order differential equation becomes, 
where
Using the same procedure we obtain the energy equation in the Dirac theory for the spin symmetry limits written as
The wave function can be obtained as follows:
Scattering state solution
In this section we are going to obtain the scattering properties of Dirac equation for the shifted Hulthen potential under the pseudospin and spin symmetries. First we consider the pseudospin symmetry.
Scattering state solution for the pseudospin symmetry
Introducing a new variable of the form z = 1 À e À2r/b , changes Eq. (73) as
and
By taking the wave function of the system of the following form 
and substituting into Eq. (115), we obtain a hypergeometrictype equation
The solution of Eq. (119), is a hypergeometric function g ps nj ðzÞ ¼ 2 F 1 ðg 1 ; g 2 ; g 3 ; zÞ;
From Eqs. (118) and (120), we write the wave function of the scattering states as 
Here, to obtain the normalized constant and phase shifts we apply the following properties of heypergeometric function 2 F 1 ðg 1 ; g 2 ; g 3 ; 0Þ ¼ 1; 
By doing the same approach as the previous subsection, the phase shifts and the normalized constant of spin symmetry limit can be given by
Fig . 5 Wave functions in the pseudospin and spin symmetries' limit in the presence and absence of GTI. Fig. 6 Energy spectra in the pseudospin and spin symmetries versus b for GTI interaction.
Numerical results
In this section we discuss about the effect of the tensor interactions on the wave functions and energy of the Dirac equation.
In our calculations we have taken M = 5, b = 10, V 0 = 0.9, V 1 = À2, C ps = À5 for the pseudospin symmetry limit and M = 5, b = 10, V 0 = À0.9, V 1 = 2, C s = 5 for the spin symmetry limit.
The effect of Yukawa-like tensor interaction
To show the effect of YTI on the energy eigenvalues and the wave functions of the system we have calculated numerical results for different states both in pseudospin symmetry and spin symmetries' limits as shown in Tables 1 and 2 respectively. We can see that there are degeneracies among energy levels in the absence of GTI such as (1p 3/2 , 0f 5/2 ), (1s 1/2 ,0d 3/2 ), . . . in pseudospin symmetry and (0p 3/2 ,0p 1/2 ), (0d 5/2 ,0d 3/2 ), . . . in the spin symmetry limits and when the GTI appears these degeneracies remove. Fig. 1 shows the effect of GTI on the components of Dirac spinors. The effect of the parameters b,H Y and V 0 on the energy of the pseudospin symmetry limit for 1p 3/2 ,0f 5/2 ,1d 5/2 ,0g 7/2 and spin symmetry limits for 0d 5/2 , 0d 3/2 ,0f 7/2 ,0f 5/2 is plotted in Figs. 2-4. We can see that when the parameter b increases the energy of the pseudospin symmetry (spin symmetry) becomes less (more) bounded, and when V 0 increases the energy of spin symmetry and pseudospin Effects of tensors coupling to Dirac equationsymmetry has an increasing behavior. It is clear that when H Y = 0, (1p 3/2 ,0f 5/2 ) and (1d 5/2 ,0g 7/2 ) [(0d 5/2 ,0d 3/2 ) and (0f 7/2 , 0f 5/2 )] are degenerated in the pseudospin symmetry (spin symmetry).
The effect of generalized tensor interaction
In Tables 3 and 4 the energy of the Dirac equation in the absence and presence of YTI is reported. Fig. 5 shows the lower and upper components of the Dirac spinors under the pseudospin and spin symmetries' limits. The energy spectrum in the pseudospin symmetry and spin symmetry versus b is represented in Fig. 6 . By taking H c = 0.5 we have plotted the behavior of the energy of the system versus V Y in Fig. 7 for both pseudospin symmetry and spin symmetry. When V Y = 0, (1d 5/2 ,0f 5/2 ) in the pseudospin symmetry and (0d 3/2 , 0f 7/2 ) in the spin symmetry are degenerated. In Fig. 8 , by choosing V Y = 0.5 we have presented the effect of H c on the energy of the pseudospin symmetry and spin symmetry. We can see that in the case of H c = 0 we have degeneracies between (1d 5/2 , 0f 5/2 ) in the pseudospin symmetry and (0d 3/2 , 0f 7/2 ) in the spin symmetry. And finally the effect of parameter V 0 on the energy of the system is shown in Fig. 9 . It is seen that as V 0 increases the energy of the pseudospin symmetry and spin symmetry increases.
Conclusions
In this work, we have studied bound and scattering state solutions of Dirac equation for the shifted Hulthen potential under the spin and pseudospin symmetries and YTI and GTI. We have obtained the energy eigenvalues, normalized wave function and scattering phase shifts approximately. We have presented our numerical results in Tables 1-4 for YTI and GTI, and showed that the degeneracy between two states in spin and pseudospin symmetries has been removed.
